Two types of finite series of products of harmonic numbers involving nonnegative integer powers are evaluated, also yielding two other important harmonic number identities. The recursion formulas for these sums are derived, which are easily translated into a computer program.
Definitions and Basic Identities
The generalized harmonic numbers used in this paper are: 
A well known identity is [2, 3, 5, 6] :
n ) (1.3) and [3, 4] : B + n = (−1) n B n = B n + δ n,1 (1.5) Then for nonnegative integer p [4] : .6) and for nonnegative integer p [4] :
When a ≤ b are two integers and {x k } and {y k } are two sequences of complex numbers, and {s k } the sequence of complex numbers defined by:
then there is the following summation by parts formula [4] :
2 First Type of Harmonic Number Identities Theorem 2.1. For nonnegative integer n:
Proof. With generating functions: let [z n ]f (z) be the coefficient of z n in the power series expansion of f (z). Then [2] :
The generating function of a convolution of two series is the product of their generating functions:
These generating functions are known [2] :
where a b is the Stirling number of the first kind, which in this case evaluates to [2] :
The product of these two generating functions results in another convolution:
which using (1.7) with p = 0 and m = 1 and (1.4) results in:
Using different methods this theorem was already proved in literature [6, 7] . Now evaluating the sum directly yields:
The second sum is evaluated using (1.7) with p = 0 and m = 1, and substituting the right side of (2.8) results in the following identity:
Evaluating the sum for n + 1 and using H n−k+1 = H n−k + 1/(n − k + 1) yields:
Substituting (2.1) for n + 1 and n results in the following identity:
Using summation by parts (1.9) with x k = H n−k and y k = k p H k , the following recursion formula results:
For p = 0 this formula yields (2.1) using (2.12). Letting R(n, 0) be (2.1) and using F (n, p, m) from (1.7) evaluation of this formula results in the following recursion formula for integer p > 0:
For a list of the resulting expressions up to p = 5 see section (4) below.
Second Type of Harmonic Number Identities
Theorem 3.1. For nonnegative integer n:
Using summation by parts (1.9) with x k = H k and y k = k p H k , the following recursion formula results:
For p = 0 this formula yields (3.1). Letting S(n, 0) be (3.1) and using F (n, p, m) from (1.7) evaluation of this formula results in the following recursion formula for integer
The following harmonic number identities can be expressed as a sum of this type:
Examples
Formula (1.6):
Formula (2.14): 
Computer Program
The Mathematica R [8] program used to compute the expressions is given below, which should be added to the program listed in [4] .
